Natural frequencies of a clamped axially loaded beam carrying an eccentric end rigid body are computed. A linearly varying non-follower axial force representing the beam's own weight is taken into consideration. An analytical form of the frequency equation of the structure is obtained and solved numerically. The parameters associated with the end rigid body, the mass, the rotary inertia and the eccentricity, are shown to considerably affect the natural frequencies of the structure. The modified orthogonality conditions of the system are presented. A closed-form of the frequency equation for a beam under constant axial load carrying an eccentric end rigid body is obtained and results are compared with the distributed load case. Based on the exact and approximate computations of the critical buckling load a recommendation is made on the method of including the effect of distributed load for practical purposes.
INTRODUCTION
Axially loaded beams appear in various engineering applications such as aerospace, ocean, and other civil structures and mechanical systems. Such an axial load may be generated due to reasons such as self-weight, an end mass, centrifugal forces, and other mechanical means. Transverse vibration of axially loaded beams carrying an end rigid body is of practical importance. For instance, the vibration and stability of beam-type structures with and without an end mass in a cross-flow is studied in [1] and [2] ; however, the distributed axial load is neglected and a one mode approximation of the dynamic response is computed by means of the mode shapes and frequencies of a simple unloaded cantilever beam. On the other hand, the optimum design of a beam or plate with respect to a fundamental eigenvalue can be improved by computing the exact natural frequency of the beam [3] . The method and results of this work can be useful in computing the free vibration modes of beams carrying several masses [4] .
In most cases, the end body is approximated as a point mass and therefore neither eccentricity, that is the offset of the center of mass of the end body with respect to the end of the beam, nor rotary inertia of the end body is taken into account. Combining the effects of the mass, rotary inertia, and eccentricity of the end body when the self-weight of the structure is taken into consideration constitutes a worthy problem. This study is related to the computation of the exact natural frequencies and mode shapes of a gravity loaded cantilever beam with an eccentric end body. The vertical self-weight of the supporting beam is modeled as a linearly varying non-follower axial load. The corresponding eigenvalue problem includes spatially varying coefficients in the governing equation and frequency dependent boundary conditions. At the same time, identifying the onset of buckling is crucial to many engineers in that the subsequent vibration problem needs to be addressed properly, which occurs either around the initial equilibrium position or the buckled shape. Therefore, this work addresses the buckling problem and recommends an applicable method for computing the critical load for a beam under linearly distributed axial load carrying an eccentric end body.
In the past, the problem has been either simplified to obtain solutions or solved by using approximation methods. Early works by Galef [5] and Pilkington and Carr [6] studied the vibration of beams subjected to end and axially distributed loads. The natural frequencies of a viscoelastic clamped-free beam under self-weight were studied in [7] by using a Galerkin-type approximation method, where the solution of the eigenvalue problem was expanded in terms of mode shapes of a horizontal clamped-free beam. Natural frequencies and mode shapes of a horizontal cantilever beam carrying a finite end mass were computed by [8] . Shaker [9] investigated the effect of a constant axial load on different kinds of beams including a cantilever with a point end mass.
Schafer [10] studied the effect of self-weight on the natural frequencies and eigenfunctions of a hanging cantilever beam by using the Rayleigh-Ritz method. Eigenfunctions of the gravity-free beam were used to obtain an approximate analytical solution of gravity-loaded case. Employing Schafer's method and results, Abramovich [11] studied a composite Timoshenko type beam and computed its natural frequencies and mode shapes, and Lee [12, 13] demonstrated the effect of the gravity on the stability of a rotating beam. Oguamanam [14] studied the natural frequencies of an Euler-Bernoulli beam carrying an eccentric end mass but did not include the self-weight axial force. By using a wave-based approach, Mei [15] has studied the free vibration of a Timoshenko cantilever beam carrying an end point mass.
Bokaian [16, 17] approximated the linearly varying axial load with a constant load and studied the frequencies of an axially loaded beam with various combinations of classical boundary conditions; however, he did not include any unconventional boundary conditions, such as an end mass. Naguleswaran [18, 19] studied the effects of a linearly varying axial force on the natural frequencies of a uniform single span beam with conventional boundary conditions by using Frobenius power series solutions. Wang [20] studied three cases of an axially loaded Euler-Bernoulli beam including clamped-free, pinned-free, and sliding-free configurations using Bessel functions. Various studies have been performed on axially loaded beams using finite element methods. A two-node element was developed by Kosmatka [21] to compute the natural frequencies and the critical buckling load of an axially loaded Timoshenko beam. Hashemi and Richard [22] investigated the effect of axial load on the natural frequencies of an Euler-Bernoulli beam using a dynamic finite element analysis.
The weight of the beam which is proportional to the height of the structure may result in the buckling of the structure and therefore necessitate studying the post-buckling behavior of the axially loaded beams. As a result, various studies have been devoted to the approximation of the onset of buckling through finding zero-crossings of the fundamental frequencies of the axially loaded structures and the vibration of these structures. The first study of critical height is identified with Greenhill [23] . Frisch-Fay estimated the critical buckling load for vertical and horizontal cantilever beams under distributed loads [24] . Virgin and Plaut [25] studied small vibrations of columns only subjected to their self-weight with linearly elastic and softening behavior. They also studied the influence of initial imperfections on the frequency of the structure. Virgin et al. [26] performed analytical and experimental studies on the natural frequencies of the upward standing and downward hanging cantilever beams and accentuated the importance of the self-weight of the beam on the dynamic response of the structure. In-plane vibration and stability of beam-columns was studied by Santillan et al. [27] by treating the beam as an elastica and using perturbation methods. Virgin [28] gives a comprehensive review of the literature on the progress of the study of the vibration of axially loaded structures including beams. Duan and Wang [29] studied the elastic buckling of axially loaded beams by using hypergeometric function solution and presented them in terms of a critical value for conventional or classical boundary conditions.
In the present study, we consider a general case of the cantilever beam where the axially loaded beam carries an end rigid body with an eccentric center of mass. The mass moment of inertia of the end rigid body is also included in the computations. The differential eigenvalue problem is obtained and the orthogonality conditions are derived. An analytical form of the frequency equation is obtained and analytically solved by using the Frobenius method. Employing a numerical procedure, we present three dimensional plots of the frequency surface in different parameter spaces. The effect of the axially varying load and the end body parameters on the mode shapes of the structure is also investigated. The critical buckling length corresponding to the critical buckling load of the structure is computed. By approximating the varying axial load with a constant portion of the total axial load, we obtain a closed form solution of the frequency equation of the structure. A comparison between the real case under the varying axial load and the approximate one with the constant axial load is presented at the end of the results section and an effective coefficient is introduced which can be used for computing the critical length of the actual structure.
PROBLEM FORMULATION
The beam, of length L, is assumed to have an axially constant: cross-sectional area A, second moment of area I, mass per unit length m, and modulus of elasticity E. The end mass parametersM,J, andẽ represent the mass, the rotary inertia (about its center of mass), and the center of mass off-set values. A schematic of the standing cantilever beam carrying an eccentric end mass is presented in Fig. 1 . The positive Z-axis of the coordinate system points upward while the origin is attached to the ground. The differential equation of motion and the associated boundary conditions are developed by means of the extended Hamilton's Principle:
where K and P are the kinetic and potential energy of the system, and W nc is the work of the nonconservative forces [30] . The total kinetic energy of the structure, the beam and the end mass, is given by:
where D represents the Dirac delta function, τ the dimensional time, and V (Z, τ) the transverse displacement of the beam. The potential energy due to the axial force is added to that of the bending to compute the total potential energy of the structure as:
where P(Z) denotes the linearly varying axial load for a uniform beam:
Possible contributions to the nonconservative work are those due to a transverse force Q(Z, τ) and viscous damping. Substituting Eqs. (2) and (3) into the Eq. (1) and computing the first variation of the functional, δ I , finally gives rise to the governing differential equation:
and boundary conditions:
where C is the damping coefficient. To transform the system from the dimensional into the dimensionless form, the following set of variables are introduced to the governing equation and boundary conditions, Eqs. (5-9):
where κ is a parameter to be determined. Consequently, the equation of motion and boundary conditions for an axially loaded cantilever beam with an end mass become:
Me
where:
are the dimensionless parameters of the system.
FREQUENCY EQUATION
To define the eigenvalue problem the external and damping forces are set to zero, q(z,t) = 0 and c = 0, and a harmonic solution in time, η(z) sin(Ωt), is assumed. Equations (11) (12) (13) (14) (15) then yield the following differential equation and boundary conditions:
which govern the pattern of motion for linear modes of the cantilever beam carrying an eccentric end body. Because the system, Eqs. (17) (18) (19) (20) (21) , features an eigenvalue dependent boundary conditions and has variable coefficients, i.e. p(z), the Frobenius method is employed to solve for the natural frequencies and mode shapes of the system [31] . To this end, the spatial function, η(z), is assumed in the form of a power series such that:
where r is an undetermined variable which is obtained from the corresponding indicial equation of the differential equation. Substituting Eq. (22) into Eq. (17) and noting that for the problem under investigation
EI , renders the differential eigenvalue problem into power series form as:
(n + r)(n + r − 1)(n + r − 2)(n + r − 3) a n (r) + p 0 (n + r − 2)(n + r − 3)a n−2 (r)
The coefficients of the z n+r in Eq. (23) must simultaneously go to zero producing four series functions of the length variable z corresponding to each root of the indicial equation, i.e. r = 0, 1, 2 and 3. The general solution of the differential equation is then the sum of all solutions:
where unknown coefficients, A(r), are obtained by applying the boundary conditions. The frequency equation in its final form is then obtained by setting the determinant of the coefficient matrix to zero.
This yields:
where the η r (z) terms indicate the power series including Ω as the coefficient in higher than fourth order terms. The frequency equation, Eq. (25), is numerically solved for the natural frequencies of the structure.
ORTHOGONALITY CONDITIONS
To obtain the orthogonality conditions, two eigenfunctions of the system f i (z) and f j (z), corresponding to the eigenvalues λ i = Ω 2 i and λ j = Ω 2 j are assumed to satisfy the differential eigenvalue problem of the system, Eqs. (17) (18) (19) (20) (21) . Substituting f j (z) in Eq. (17) and multiplying the equation by f i from left and integrating each term by parts results in:
where the boundary conditions at z = 0 (Eqs. 18 and 19) have been utilized. Finally, by using boundary conditions at z = 1 (Eqs. 20 and 21) we obtain:
Similarly, by substituting f i (z) into Eq. (17), multiplying the result by f j (z), integrating each term by parts, and then applying boundary conditions (Eqs.18-21) results in:
Equations (28) and (29) represent the new definitions of the self-adjointness of the stiffness operator. By subtracting Eq. (28) from (29) and making use of Eq. (17), the orthogonality condition is obtained as:
Normalizing eigenfunctions such that, for λ i = λ j :
where ∆ i j denotes the Kronecker delta function, results in:
AN APPROXIMATE CASE
By approximating p(z) with a constant axial load, F, the general solution of the eigenvalue problem, Eq. (17), can be computed as:
where -21) , to the general solution of the eigenvalue problem, Eq.(34), the frequency equation is found to be:
RESULTS AND DISCUSSIONS
To find the roots of the frequency equations, Eqs. (25) and (35), the sign of the left hand side of the frequency equation is evaluated over a range of frequencies starting from zero with a fixed increment size. Sign alternations indicate intervals where roots of the frequency equation should be searched for. Then, implementing a bisection procedure the root of the frequency equation in each interval is found with a preset accuracy. To determine the number of terms required in the series, the axial load is initially removed, and the results are compared with the exact solution computed by Mousavi Lajimi and Heppler [32] . Mode shapes are computed and plotted to verify the convergence of the results. The input data, provided in Table 1 , is based on the parameter values used by Cai and Chen [2] . The length (height) of the beam-column is varied between 20 m to 75 m for different simulation runs, while other parameters, Figures 2 and 3 show the variation in the first and second natural frequencies as a function of the length of the structure, proportional to the weight of the beam, for several end mass values. In these figures the end rigid body is treated as a point mass. For both Ω 1 and Ω 2 we observe that as the tip mass is increased the natural frequency is reduced; i.e. the frequency curves shift downward. Upon introducing the end mass, a local maximum appears in each curve in Figs. 2 and 3 . If the length is increased sufficiently the stiffness operator will become singular resulting in the onset of buckling and a zero natural frequency. Hence, the curves in Fig. 2 will eventually cross the Ω 1 = 0 axis at the critical length for a heavy column with a tip load. the longer beams as the end mass is increased. In other words, the shortest structures experience the largest change in the first natural frequencies as the end mass is increased because the end mass in those cases contributes a greater proportion of the total system mass. For the higher frequencies the same observations hold true. M (kg) It is common to neglect the rotary inertia of the end body when computing natural frequencies of an Euler-Bernoulli beam with a tip mass. In Figs. 6 and 7, the first two natural frequencies of a beam with an end body modeled as a point mass (i.e. J = 0) positioned a distance e from the end of the beam are plotted versus the eccentricity e and the length of the beam. Figure 6 shows that increasing the eccentricity reduces the fundamental frequency of the system. We can see in the 3D plot of Fig. 6 that a similar concave down variation with L occurs just as it did in Fig. 2 leading to the curves crossing one another so that different system configurations can yield the same natural frequency. For shorter beams, the magnitude of e significantly influences the natural frequency of the beam and, as the length of the structure is increased, If the end body is fixed to the end of the beam at its center of mass the eccentricity or offset vanishes. For a 200 kg end body and no offset, e = 0 m, the first and second natural frequencies of the beam are plotted versus the rotary inertia of the end body in Figs. 8 and 9 . Looking at the frequency curve, we could see that the rotary inertia of the end body relative to its mass center does not play a significant role in varying the natural frequency of the structure especially for longer beams. Final set of frequency results is shown in Figs. 10 and 11 where the mass of end body is the same as previous case, M = 200 kg, but the offset is nonzero, e = 4 m. For e = 4 m, the ratio of the eccentricity to the length of the beam varies from 16 % to 5.3 % for the shortest to the longest beam. It should be mentioned that the input structural data, Table 1 , is such that a ten meters increase in the length of the structure corresponds to more than 500 kg increase in its self-weight. That results in a meaningful contribution of the axial load parameter due to the beam's weight in determining the natural frequencies and mode shapes of the structure. The results can be used in the optimum design of beams and columns where the exact frequency is required for a structure carrying an end rigid mass for example large structures in cross-flow. The structural data covers aspect ratios, length/diameter, of approximately 16 to 56. As an example of the practical importance of the results, we can recognize that the structural data used by Cai and Chen [2] results in the buckling of the structure which should be taken into consideration before analysis of the flow-induced vibrations.
Looking at the frequency equation, Eq. (25), and numerical results we have shown that the eccentricity has a larger effect on the frequencies and mode shapes of the system than the rotary inertia of the end rigid body about its mass center which is due to the order of terms. Increasing the rotary inertia did not modify the mode shapes of the structure considerably; however, augmenting the eccentric offset forced the beam to behave the same as a clamped-pinned beam in higher modes. This can be attributed to the higher order of the eccentricity associated terms in the frequency equation, and is consistent with our intuitive expectations that as the effective rotary inertia at the end of the beam increases it will cause the beam behave more like there is a pinned (if the mass is increased as well as the inertia) or a guided (if only the inertia is increased with no corresponding increase in the mass) support at the otherwise free end. Looking at the numerical results, we have realized that the fundamental frequency could be reduced up to 50 % for longer beams and more than that for shorter beams for an increase of the end mass from 0 kg to 500 kg. For practical purposes it may not be plausible or necessary to compute the exact frequencies of the beam carrying an eccentric end rigid body using the Frobenius method. The frequency equation for a beam under a constant axial load carrying an end rigid body was presented in Eq. The critical buckling length corresponding to the critical buckling load, where the frequency curves cross the Ω 1 = 0 axis, of the structure for various combination of the parameters of the structure are computed and reported in Table 2 (second row). The critical buckling load for a cantilever beam under only a nonfollower axial end load is reported in various textbooks, e.g [31] . The critical load, or the Euler load of a cantilever beam, is F cr = π 2 EI/4L 2 where F cr is a non-varying load, i.e. it is constant along the length. Replacing the end load due to the weight of the end rigid body with a combination of a constant portion of the total weight of the beam and the weight of the end mass, we can represent the critical load as:
where W end mass and W beam represent the weight of the end body and the beam, respectively, and n cr is a real number. Therefore, n cr must satisfy:
where w beam is the weight per unit length of the beam computed by multiplying the linear mass density, see Table 1 , by the gravity acceleration. By using the exact result, Table 2 , the critical factor n cr is computed and reported in the third row of the same table, Table 2 , for each critical length of the beam. Therefore, having n cr = 0.31, Eq. (37) can be solved for critical length L cr of the structure. Table 2   Table 2 . Critical length for each end mass and the critical factor n (J = 15 000 kg·m 2 and e = 4 m).
The next set of results, Figs. 14-17, show the first three modes of the axially loaded beam carrying an eccentric end body for various combinations of parameters. In Fig. 14 , the first three modes are initially plotted for different length parameters when M = 0. These plots show the significance of the effect of the beam's self-weight (as represented by its length) on the first mode and the insignificance of the same parameter on the second and third modes of the structure. For a single length, here L = 60 m, the effect of the mass of the end body (modeled as a point mass) on the first three modes of the structure is represented in Fig. 15 . Clearly, the presence of an end mass is a significant factor in modifying the mode shapes of the structure. To investigate the effects of the rotary inertia of the end body relative to its center of mass and the offset of the center of mass of the end body relative to the end of the beam, the first three modes of the beam are illustrated in Figs. 16 and 17 . Consistent with the natural frequency results, the effect of varying the eccentricity, e, Fig. 17 , is more pronounced than the effect of varying the rotary inertia of the end body with respect to its mass center, J, Fig. 16 , on the mode shapes of the structure. 
CONCLUSIONS
In this work, free vibration of a vertical cantilever beam under linearly varying axial load sustaining an eccentric end rigid body has been studied. By using the Frobenius method, the analytical form of the frequency equation has been obtained, and the modified orthogonality conditions have been determined. The frequency equation has been numerically solved for a range of parameters, and the effect of changing parameters on the frequency curves and surfaces have been presented. The fundamental first three mode shapes have been computed and plotted for various set of parameters corresponding to frequency curves.
This extensive study shows that the parameters cannot be treated individually and a through combined study of the effects of parameters on the natural frequencies and mode shapes of the system is required. It has been shown that the frequency equation is quadratic in the mass and eccentricity of the end rigid body parameters, Eq. (25) . This has been shown numerically by plotting the variation in the frequency versus parameters associated with the end rigid body. It has been numerically shown that the rotary inertia of the end rigid body affects the free vibration frequency less significantly that the other two parameters: the end mass and the eccentricity. A close look at the frequency equation reveals that the end mass, the rotary inertia, and the eccentricity appear as quadratic, linear, and cubic terms.
By approximating the varying axial force with a constant one, the closed-form frequency equation was obtained Eq. (35). This equation can be used to obtain the free vibration frequency of a beam under constant axial load carrying an eccentric end body. We have compared the results of the constant axial load case with the varying load in Figs. 12 and 13, and observed that less than thirty five percent of the total or maximum load due to the beam's self-weight can be included in the constant end load for a conservative estimate of the first two fundamental frequencies. By computing the exact results, we have realized that a critical factor, n cr = 0.31, can be used to estimate the critical buckling length of the structure. Therefore, substituting the structural specifications and the critical factor n cr = 0.31 into the Eq.(37), the critical length of the structure can be computed with a reasonable accuracy.
